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Abstract 

Let (M, J) be a compact complex 2-manifold which which admits 
a Kahler metric for which the integral of the scalar curvature is non- 
negative. Also suppose that M does not admit a Ricci-flat Kahler 
metric. Then if M is blown up at sufficiently many points, the result- 
ing complex surface (M, J) admits Kahler metrics with scalar curva- 
ture identically equal to zero. This proves Conjecture 1 of |l6[ ]. 
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1 Introduction 



The problem of determining which compact complex manifolds (M, J) admit 
Kahler metrics g with constant scalar curvature was first formulated and 
studied by Calabi || in the late 1950's. Posed in this generality, Calabi's 
question is one to which the answer still eludes us; but there are two unrelated 
fronts on which notable progress has been made. 

The most dramatic progress has been made in relation to the case in which 
one also requires that the Kahler class be a multiple of the manifold's first 
Chern class — that is, in relation to the question of which compact complex 
manifolds admit Kahler- Einstein metrics. This may be reformulated as an 
existence problem for solutions of the complex Monge- Ampere equation, and, 
working from this point of view, Aubin ||, Yau |30| , and others p8, [19, ^7 
have given us a fairly complete solution of the problem. 

Progress, albeit of a more modest kind, has also been made regarding the 
case in which the scalar curvature of g is required to equal zero and dimcM = 
2; solutions (M, J, g) of this problem are the scalar-flat Kahler surfaces of 
the title. The essential reason why this case is more tractable than others is 
that the underlying oriented Riemannian manifold (M, g) of any scalar-flat 
Kahler surface is automatically |J anti-self-dual, allowing one to invoke the 
Penrose twistor correspondence [TJ and giving rise to phenomena familiar 
from the theory of totally integrable systems. In particular, all scalar-flat 
Kahler surfaces with semi-free Killing fields can be written down explicitly 



13], ^4j, and deforming these |16 leads to a reasonably complete picture 



when the fundamental group is large. 

A fundamental limitation of the above approach is that any simply- 
connected scalar-flat Kahler surface with a semi-free Killing field automat- 
ically must have large 7i"i, and solutions with small fundamental group are 
thus a priori inaccessible by this method. The present article, however, will 
finally prove the existence of (non-Ricci-flat) scalar-flat Kahler surfaces with 
7Ti = and Z © Z. Our key trick is a Kummer-type construction which 
allows us to produce new solutions by smoothing the orbifold singularities of 
Z 2 -quotients of old solutions. Successfully carrying this out involves melding 
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two previous extensions |TT] , |TT of the Donaldson-Friedman method |J of 
constructing anti-self-dual metrics on connected sums. After comparing the 
solutions obtained in this way with the biholomorphism types allowed by 



surface classification f29j, we deduce the following: 



Theorem A Let (M, J) be a compact complex 2-manifold which admits a 
Kahler metric for which the integral of the scalar curvature is non-negative. 
Then precisely one of the following holds: 

• (M, J) admits a Ricci-flat Kahler metric; or 

• any blow-up of (M, J) has blow-ups (M, J) which admit scalar-flat 
Kahler metrics. 



This proves Conjecture 1 of fl6 . 



A corollary of this is the following: 

Theorem B Let (M, J) be a compact complex 2-manifold which admits a 
Kahler metric for which the integral of the scalar curvature is positive. Then 
any blow-up of (M, J) has blow-ups (M, J) which admit Kahler metrics of 
constant positive scalar curvature. 

One might note the formal similarity between Theorem [A] and a recent 
result of Taubes [[^J which asserts that one can find anti-self-dual metrics 
on the connected sum of any smooth oriented 4-manifold M with enough 
copies of CP2. However, Taubes' proof is direct, whereas ours falls back on 
classification theory One would hope that different proof of Theorem [A], 
proceeding along Taubes' lines, might shed more light on Calabi's general 
problem. 



2 The Quotient Theorem 

In this section, we state the central technical result of this article, and then 
set up the framework in which it will be proved. This result, from which our 
main results will be deduced, is the following: 
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Theorem 1 (Quotient Theorem) Let (N, Jn, g^) be a non-minimal com- 
pact complex surface with scalar-flat Kdhler metric, and let $ : N — > iV , 
$ 2 = 1, be a holomorphic isometry with only isolated fixed points. Let 
(M, Jm) be obtained from iV/$ by replacing each singular point with a CPi 
of self-intersection —2. Then there exist scalar-flat Kdhler metrics gu on 
(M, J M ). 

Here a compact complex surface N is called non-minimal if is obtained 
from another surface by blowing up; this is equivalent to saying that N con- 
tains a CPi of self-intersection —1. Our description of M amounts to saying 
that if N is blown up at the fixed points of $, the resulting complex surface 
N is a branched double cover of M, with the newly-introduced exceptional 
divisors as ramification locus. More abstractly, M is the minimal resolution 
of the ordinary double-point singularities of the variety N/$>. 

We will prove this theorem by using the theory of twistor spaces [1], 2C 



For our purposes, a twistor space means a compact complex 3-manifold Z 
equipped with a free anti-holomorphic involution o : Z — > Z and a foliation 
by cr-invariant rational curves CPi C Z with normal bundle 0(1) © 0(1). 
Let X denote the leaf space of this foliation by the so-called real twistor lines, 
and let p : Z — > X denote the quotient map. There is then a canonical anti- 
self-dual conformal metric [g] on X, characterized by the requirement that 
the image of every holomorphic tangent space T^'°Z should be a ^-isotropic 
subspace of C (g> TX. Conversely, every anti-self-dual manifold arises in this 
way, and does so in an essentially unique manner. 

If a twistor space Z contains a compact complex surface D which is dis- 
joint from its conjugate D := o~(D) and has homological intersection number 
1 with a twistor line, then <p\d : D —>■ X is a diffeomorphism, and [g] pulls 
back from X to yield a conformal class of Hermitian metrics on D. Because 
D is compact, the anti-self-duality of [g] implies ||, that this conformal 
class is locally represented on D by scalar-flat Kahler metrics. If, moreover, 
b\(D) is even, there is a globally-defined scalar-flat Kahler metric g E [g], 
and this global representative is uniquely determined once its total volume 
is specified; conversely, every scalar-flat Kahler surface arises from this con- 
struction, and does so in an essentially unique manner. Thus, in order to 
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prove Theorem [1], it suffices to produce a twistor space Z containing a copy 
of the complex surface (M, J M ) which is disjoint from its conjugate and in- 
tersects some twistor line transversely in one point. We will do just this by 
refining the methods of [17|], where anti-self-dual metrics were constructed 
on the underlying smooth manifold M. 

To begin this construction, let denote the twistor space of (N,g^), 
and let Li, . . . , Lfc be the twistor lines of the fixed points of $. Let Z^ be the 
blow-up of Zn along these lines, and let Q±, . . . , Qk be the exceptional divisors 
in Z N corresponding to L\, . . . , L k ; thus Qj = CPi x CPi, j = 1, . . . k, and 
each of these 2-quadrics has normal bundle (9(1,-1) — > CPi x CPi. Since 
the derivative of $ at its k isolated fixed points must be —1, the induced 
biholomorphism $ : Z^ — > Z^ fixes each Qj and acts on its normal bundle 
by —1. The quotient Z_ := Zn/<& can thus be given the structure of a 
compact complex manifold in a unique way that the quotient map Z^ — > Z_ 
becomes a branched covering, with Q := \JQj as ramification locus. Let 
Qj- denote the image of this Qj in Z_, which is an imbedded quadric with 
normal bundle 0(2, —2), and let Q- = \JQj-. 

The twistor space Z N contains a hypersurface D N corresponding to the 
complex structure Jjy, as well as a disjoint hypersurface D N := a(D N ) corre- 
sponding to the conjugate complex structure —Jn', indeed, Dn and are 
respectively isomorphic to (N, ± Jn) as complex surfaces. As the action of $ 
sends each such surface to itself, there are disjoint hypersurfaces D_ and D_ 
in Z_ obtained by first taking the proper transforms in Zn of Dn and Dn 
and then projecting these hypersurfaces to Z_. Notice that -D_ is exactly a 
copy of (M, Jm)i whereas D_ is a copy of (M, —Jm)- Set £j^ := D_ PI Qj, 

:= 5- n Qj, £_ := U^-, and l_ := U^j- 

Our next step is to let Z + consist of k disjoint copies of the complex 3-fold 
Zeh obtained from the orbifold twistor space of the conformally compactified 
Eguchi-Hanson metric by blowing up the twistor line of infinity. To describe 
Zeh explicitly [JTOJ, |T7|], start with the CP3-bundle n : B — > CPi defined by 

i3 = P(C(2) ffi3 ©C) , 

where our conventions are that P(E) := (E-0)/C x . Let 0(1,0) := tt*0(1), 
and let 0(0,-1) be the universal bundle, whose principal C x -bundle is 
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[((9(2)® 3 © O) - 0] -»• B. The "homogeneous coordinates" of C(2)® 3 © O are 
canonical sections x, y, z G TC(2, 1) and t G rO(0, 1). Let a G r(CPi, 0(2)) 
be a non-trivial section which is invariant under the anti-holomorphic involu- 
tion j of 0{2) = TCPi induced by the antipodal map of S 2 = CPi; and let 
the 2 distinct zeroes of a be called the north and south poles. Our blown-up 
twistor space is then obtained from the hypersurface 

2 j.2 2 

xy = z — t a 

in B by replacing the two singular points x = y = z = with CPi's. The 
quadric t = corresponds to the blow-up of the orbifold twistor line "at 
infinity," whereas the real structure is given by 

[x : y : z : t] -> : j(x) : j(z) : t ]. 

If we let D EH C denote the Hirzebruch surface over the south pole 

and let Deh denote the Hirzebruch surface over the north pole, then we 
may define D + C Z + and D + C Z + to consist of k disjoint copies of Deh 
and D E h, respectively. Let us use Qj + to denote the appropriate copy of 
the t = quadric in Z E h and Q + to denote \JQj + . Set £j + = Qj + n Z^ + , 
= Qj+ ^D + ,£ + =[J£j+, and l + =\J£ j+ . 

Now let Zo = Z_ Uq^. Z + be obtained from the disjoint union Z_ U Z + 
by biholomorphically identifying Qj_ C Z_ with Qj + C 2" + in such a way 
that the real structures agree and such that £j- is identified with £j + . (This 
actually specifies the gluing procedure uniquely, modulo real automorphisms 
of Z+.) Set A) = D_ U D+ and D = D_U D + . The result is that Z , D 
and Do are complex spaces with normal crossing singularities, and there is 
an induced real structure o : Z$ — ► Zq which interchanges D and D . By 
a slight abuse of notation, we will denote the image of Qj± in Z Q by Qj, 
whereas the images of £j±, £j±, £±, £±, and Q± will respectively be denoted 
by £j, £j, £, £, and Q. 

Our method of proving Theorem |I] will now be as follows: we will con- 
struct twistor spaces Z t containing hyper surfaces D t = (M, Jm) by simulta- 
neously smoothing the singularities of Z and D C Z . 
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Because the twistor spaces Z t must admit real structures, we will of course 
also need to smooth the singularities of D Q , too, and it is natural to also 
include this stipulation from the outset. In §[5], Theorem |1] will now be proved 
constructing relative smoothings of precisely this type. 



3 Proof of the Quotient Theorem 

Continuing the discussion of §||, let DqDq C Z denote the disjoint union of 
D and D = a(D ), and let / : -Do-Do ^ Z Q be the tautological holomorphic 
imbedding. In this section we shall prove Theorem [I] by studying the de- 
formation theory of the pair of the pair (Z , D D ). Our approach depends 



crucially upon the results of Ran [£2], p3[ . 

Let us first warm up by discussing deformations of the singular surface 
D , noting all along that such a discussion will, by conjugation, automatically 
also implicitly completely describe the deformation theory of D Q , and hence 
that of the disjoint union D D = D L\D , too. Now since D = D_ Ui D + is 
obtained from D_L\D + by identifying (— 2)-curves £j- C D_ with (+2)-curves 
lj+ C D + , Dq is a singular complex surface with normal crossing singularities 
along i = i_ = £ + , and satisfies the so-called d-semistable condition — the 
two normal bundles vc ± ,d± of the singular hypersurface are dual to each other. 

Because D + has k connected components, each of which is isomorphic to 
the second Hirzebruch surface P(0 © 0(2)), and as each connected compo- 
nent of £+ corresponds to the zero section of 0(2) C P(0 © 0(2)), it follows 
that 

h?(G D+ ®Z t+ ) = Vj, 



7 




and 

h j {e D+ , i+ ) = h j (G e+ ) = h j (u i+>D+ ) 



3k j = 

where Qy,x denotes the sheaf of holomorphic vector fields on Y which repre- 
sent in the normal bundle fxy of the complex submanifold X cY. Using 
these facts, we may now prove the following: 

Lemma 1 Let t^ o denote the sheaf of derivations ofOr, . Then 

( H°(e D _) j = o 

H>(t° Do ) = \ H\Q D _, e _) j=l 
[0 j > 2. 

Proof. Consider the normalization exact sequence 

► T% Q ► Q , *@D_U_D + ^„U^ + ► t*®£ ► , 

where q : D_ U D + — > D is the quotient map and t : I — > D is the inclusion. 
Since the restriction map H°(Qd + i + ) — > H°(Qi) is an isomorphism, the asso- 
ciated long exact sequence tells us that if°(r^ o ) = H°(Qd-/-) = -H" (©£>_)> 
whereas H\t% ) = H\Q D _ A _). 

Since H 2 {Q D+U ) = 0, we also read off that H 2 (t^ q ) = H 2 {Q D _ A _), 
and it only remains for us to show that the latter cohomology group van- 
ishes. But D_ is a ruled surface, and the generic CPi fiber of D_ is disjoint 



from indeed, N is ruled because [29] it is non- minimal and admits a 



scalar-flat Kahler metric, N is obtained from N by blowing up, and iV is a 
branched cover of D- = M, with branch locus £- the union of the excep- 
tional divisors introduced by the blow-up N — > N. Moreover, ©£>_/_ is a 
locally free sheaf, and Serre duality therefore says that H 2 (D_,Q D _ e ) = 
[H°(D_,Hom(e D _^,n 2 ))]*. The restriction of Hom(e D _ / _,tt 2 D _) to a 
generic CPi fiber of _D_ is thus isomorphic to 0(— 2)©C(— 4), and any global 
section of this sheaf therefore vanishes. Hence H 2 {r Do ) = H 2 (D^, Qd_,£_) = 
0, as claimed. 1 



This implies that the deformation theory of D is unobstructed: 
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Proposition 1 The complex space Dq admits a versal deformation 

with fibers D t := vo~ 1 (t\, t?), t\ G H 1 (D^, Od_,^_)> ^2 G C k , satisfying 

1. D t is smooth ifft 2 G (C x ) fc ; 

2. D t = D_ = M when ti = and t 2 G (C x ) fc ; and 

3. all small deformations of D_ = M occur as smooth fibers D t of w. 



Proof. The deformation theory [|7|, || of Dq is governed by the vector spaces 
Tjj q = Ext^fl 1 ^, Od )- These may be computed by means of the Ext spectral 
sequence |§ 

E^ = H^D o y Do )^T^, 

where t 3 Do = ExP(Q l ,0). Because D is a locally complete intersection, 
T b = for j > 2, and the spectral sequence therefore degenerates into the 
exact sequences 

Meanwhile, the d-semi-stable condition tells us tells us that t^ q = Og, so 
The lemma now tells us that TjL = 0, and that there is an exact sequence 

-> ff 1 ^., e D _^_) - t£ - c fc -> . 

Since T|, o = 0, the deformation theory @ of D is unobstructed, and there 
is a versal family T> over a neighborhood of G Th. This family has the 
property that any 1-dimensional subfamily of this family smooths the normal 
crossing at £j if the image of its derivative in H Q {r}) = H (£,O) = C k is 
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non-zero on £j. Moreover, an effectively parametrized family with central 
fiber D is a subfamily of T>. 

Let us now consider the explicit smoothing M. of D gotten by blowing up 
M x C k along the smooth submanifold {i\ x {ai = 0}) U • • ■ U (4 x {^k = 0}). 
Since £j C M has self-intersection —2, the central fiber of M. — > C k is 
obtained from D_ = M by attaching a Hirzebruch surface P(0(— 2) © (9) 
to M at each in other words, the central fiber is isomorphic to Dq. Since 
M. is an effectively parametrized family with central fiber Do, it must be 
contained in T> by versality, and because the fiber of M. over any i 2 £ (C x ) fc 
is smooth, the image of C k in Tp is transverse to the kernel of T^ o — > 
H°(rl) = C k . We may now choose new coordinates on Tp , identifying 
it with H 1 (D^,Qe>_^_) x C fc in such a way that the above explicit family 
corresponds to the C k subspace, and so that the H 1 (D_,Q D _ i ) subspace 
corresponds to the original kernel of the projection. 

If M — > A is any deformation of M over a neighborhood of G C, 
its blow-up M at the submanifold £_ of the central fiber is a smoothing of 
D . By versality, M must therefore be a subfamily of T>, amd every small 
deformation of M thus occurs as a smooth fiber D t . 1 

Remark. At the tangent space level, the above proof shows that the exact 
sequence 

has a geometrically preferred splitting. This will later prove useful. □ 

Having discussed the deformation theory of D D , the next step is ob- 
viously to discuss that of Z ; but this, in fact, has already been studied in 
fpTTfl . As before, the vector spaces Tf o = Ext 9 (f2^ o , Oz ) that control the 
deformation theory fit into an exact sequence 

0-fr 1 (Z 0l 7£,)-Tj b -> H\Q,0) ^H*(Z o y Zo )^Tl^ H\Q,0) 

C k 
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and the cohomology of t Zq = Hom(Q Zo ,0 Zo ) can in turn be computed via 
the long exact sequence 

&-\q, e Q ) - &{z , r° Zo ) - H*(z., e z _ >Q )®H j (z + , e z+ , Q ) - h*(q, e Q ) 

Using the explicit form of Z+, one then may check that H 2 (Z +1 Q z+ ,q) = 0. 
On the other hand, Z_ is has a branched cover which is a blow-up of the 
twistor space Z N , and this implies that H 2 (Z_,O z _q) = [H 2 (Z N , Oz_,q)]$, 
where the subscript indicates the +l-eigenspace of the automorphism induced 
by $. One may thus conclude that T§ = 0, and that the smoothing theory 
of Zq is therefore unobstructed, once one knows the following result, which 
was stated in [IB|: 



Theorem 2 Suppose that N is a non-minimal compact complex surface with 
scalar-flat Kahler metric g^. Then its twistor space satisfies H 2 {Z^,Q) = 
H 2 (Zn,Q ® = H 2 (Zn,® z dd) = 0) where D and D are canonical 

divisors associated with Jn and —Jn- 



Unfortunately, while the proof given in suffices for all cases needed for 



our applications, it overlooks the case of surfaces with non-semi-free en- 
actions, and we have therefore chosen to include a completed proof in the 
present article. As this proof is rather long, however, and involves ideas quite 
unrelated to the thrust of the present discussion, it has been relegated to an 
appendix (§|J). 

Finally, we turn to the deformation theory of the pair (Zq, DoDq), which 
is governed by the derived functors Tj of Ran |22j |23| , in the sense that Tj 



corresponds to infinitesimal deformations of the imbedding / and obstruc- 
tions lie in Tj. These vector spaces may be computed by means of a long 
exact sequence 



T° f — T° DqDq © T° Zo — > Ext°(^ , Do5o ) 

T) >r ^D D © Tjj,— >Ext}(n*. , DoDo ) (3.1) 



rTi2 /"7~i2 _ £jv ryi2, 

1 f > 1 d d ® 1 z 
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Here := Ext^ , Dq ) © Ext^ o , Dq ) and 7| := Ext^ , C^ ) 

are the usual global Ext groups, whereas ExA(D,^ o ,0 Do ^ ) are the derived 
functors of 

Hbm/Cnk, 0^) := Hom ODofio (7*0^,0^) S Hom 0zo (fl^, /*0 Do d o ) 
in either variable. 

The local form of the singularities of the pair (Z , DqDq) is just the same 
as in 0, §3]. Namely, around the singular locus we can take coordinates 
(wi, . . . , W4) G C 4 so that Zq is given by {wyw2 = 0} and Do (or D Q ) is the 
hypersurface {1U4 = 0}. Because of this we have a spectral sequence 

E™ = m(£xt^ Zo]DoBo1 DoDo )) =► Extf \Ql Q , DoDo ) 

where the local Ext sheaves can be computed ]TT], 3.10] to be 

! t z \d d , r = ° 
t d d — ®U> r = 1 
0, r > 2. 

We now claim that the relative deformation theory under consideration 
is unobstructed as a consequence of Theorem 2. As in [|TT| , §4], we start by 
considering the exact sequence 

U > T Z ,D D > T D D ^ T Z > t Z \D D > u - 



Lemma 2 Suppose that N satisfies the hypothesis of the Quotient Theorem. 
Then H\rl DoDo ) = H\rl\ DoDo )=0. 

Proof. Since we have already observed that H 2 (tq p) © if 2 (r| o ) = 0, it 
is enough to show that iiP'(r§ d d ) f° r 3 = ^ 3 3. To this end, consider the 
exact normalization sequence 

> T Z ,D Do > ®Z + ,D+D+Q © @Z_,D_5_Q_ > ©Q,« > > 
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where £ = Q- n £>_ = Q- n D + and £ = Q_ n £>_ = Q n D+. Because 

— > ©Q,« — ► ©Q — ► ^ © ^ — > 
is exact and H°(Qq) — > H°(b>e © z^) is surjective, it follows that 

^'«DoDo) = ^(©z + ,d + 5 + q) © H^(Q z _ d _£)_q_), j = 2, 3. 

But rational curves of normal bundle 0(1) © 0(1) sweep out an open subset 
of Z±, so Serre duality tells us that H 3 (O z± d± £) ± q ± ) = 0. It thus only 
remains to show that H 2 {Q z± d± jj ± q ± ) = 0. 

We start by considering Z_, which, by construction, fits into a diagram 




in which (3 blows a disjoint union Q of quadrics down into the union L$ of 
^-invariant twistor lines in Zn, and in which a is a 2- fold branched covering 
map with branch locus Q. Let £ be the divisor square-root of Q C Z N which 
is associated with this branched cover. Then 

n j G . _ / 0Z_,D_D_Q_©(0Z_,D_D_Q_©£) j = ^ 

^^Zn^DnDnQ I j 7^ 0, 



whereas 



_ — J ®Z N ,D N D N ,L§ 3 /o o\ 

P*^Z N ,D N D N Q "jo ^Q. 1 J 



In combination with the short exact sequence 

®Z N ,D N D N ,Lg> ®Z N ,D N D N > V L^,Z N > 

and the observation that vl^,z n — 0(1) © 0(1) on eac h CPi component, 
5.31) tells us that 



H 2 (Z N , ® z ~ N ,b N b N Q) ~ h2 ( Z n, ®z n ,d n d n ,lJ ~ h2 ( z n, ®z n ,d n d n ) - 0. 
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But the Leray spectral sequence of ( |3.2| ) says us that 
so that H 2 (Z^, Q z d-D-q) = 0; as claimed. 



To finish the proof we have to show H (Z + ,Q z + ,d+d+q) — 0. But ||17 



Lemma 2] says that H 2 (Z + , Qz + ,q + ) = 0. We now invoke the exact sequence 

y ®Z + ,D + D + Q+ *■ ► Vd + D+,Z+ *■ 0. 

But because Vd + d + ,z+ is trivial, it follows that H l {v D+ [ )+ z+ ) = H 1 (D + D + , O) 
0, since each component of D + D + is a simply-connected surface. This implies 
that H 2 (Z + , & Z+:D+D+Q ) = H 2 (Z + , 6 Z+ , Q ) = 0, as desired. I 

As a consequence, we have a commutative diagram 


















I 




i 




I 




H ( T Z ,D D ) 








^ 1 ( r Z I.DoA)) 


-> 


i 




i 








T 1 




T D Do 5 








i 




I 




I 




C k 


-> H° 








-> 


i 




I 




1 




















with exact rows and columns, and where the middle row is (|3.lD . In partic- 
ular, Tj = 0, so there exists a versal deformation 

vuv ^ z 

open 

U C Tj 

such that the fibers of wz and wb are smooth over elements of Tj which 
project to (C x ) fc C C k . Furthermore, by the same argument as || §6.1], 
there is a real structure a : Z — > 2 which interchanges X> and P and which 
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restricts to the central fiber as the given real structure a on Zq. This induces 
a complex conjugation on Tj compatible with the standard one on C k , and 
the fibers Z t over points t of the real slice which project to (R x ) fc C R fe 



are twistor spaces || |17| . Moreover, these twistor spaces contain degree-1 
divisors D t which are disjoint from their images D t under the real structure; 
and since bi(D t ) = &i(M) is even, it therefore follows J3], that any such 



Z t is the twistor space of of a scalar-flat Kahler metric on D t . 

To prove the Quotient Theorem, it thus suffices to show that there are 
suitable real values of t 6 Tf for which D t is biholomorphic to M. In order 
to show that this is possible, we will use the following: 

Lemma 3 For N as above, the natural map 

#VWo) - H\r° DoDo ) 

is a surjection. 

Proof. The same normalization sequence of the preceeding lemma tells us 
that the natural map 

Hl « hDo D ) - H\Q z _ jD _ D _ Q _) © H\Q Z+>D+D+Q ) 

is a surjection. On the other hand, the analogous exact sequence 

— > t Dq — > 9*©d_ud_+,<_u« + — ► — > 

tells us that the natural map 

H\rl o ) — ► H l {Q D ^_)®H\Q D+u ) 

is an isomorphism; treating Dq similarly then tells us that 

H\r° DoDo ) = H\Q D _ A _) ® H\Q D _j_) © ^(9^) © H\Q D+ - t+ ). 

It therefore suffices to show that the natural maps H 1 {Qz ± ,d ± d ± q ± ) — > 
H 1 (Qd±,i±) © H 1 (®D±,i±) are surjective. But as these maps occur in the 
long exact sequences induced by 

— ► 0z±,q± © Zd±d± — ► 0z ± ,d ± B±q ± — > 9z? ± ,^ ± © 9b ± / ± — > 0, 



15 



we need merely show that H 2 (Qz ± ,q ± ®1d±B±) = 0- 
Now for Z + , one has a short exact sequence 

o — > v ® x D±5± — > e z±iQ± (g) x D±5± — > o — > o, 

where V denotes the vertical, Q-relative tangent sheaf []I7|, 3.2]. Since ir%0 = 
0, q = 1, 2, it follows that C) = £P(CPi, C), and thus H 2 (Q z+ ,q ® 

= H 2 (V ®1 D±D± ). On the other hand 0, 7r*(V ® X D+B+ ) vanishes 
on the complement of two points of CPi, so that i7 1 (7r ! J(V ®Id + s + )) = 0, 
whereas 7r^(V ®1d + d + ) vanishes outright. The claim therefore follows from 
the Leray spectral sequence of n : Z + — > CPi. 

As for Z_, an argument analogous to that of Lemma 2 shows that 
H 2 {Q z _ tQ _ ®T d _d_) = [H 2 {Qz n ,q®Zd n d n )W Indeed, for the branched 
covering map a and blowing down map /3, one can check in a similar way as 
we have done before that 




while 

Hence H 2 (Q 2n ,q ® 1 b N b N ) ~ r2 ( & z n ,l^ ®?d n d n )- But now the long exact 
sequence of 

► &Z N ,L* ® ^Div > @^iv ® I D N D N ► "L 9 ,Z N ® ZdjvDjv ► 

and the fact that vl&,z n ®1d n d n — 1) © 1) combine to imply that 
H 2 (Q Zn ,l 9 ®1d n d n ) = H 2 (Q Zn ®1d n d n ), so that H 2 (O z _, Q _ ®T D _ D _) = 
\ H ' 2 (®z n ,q®' i d n d n )]$>, as claimed. Since H 2 {Q Zn ®1d n d n ) = by Theorem 
2, the result follows. I 

Now, according to Proposition [TJ, D Q has a versal family of deformations 
over a neighborhood of G H 1 (D^,t^ )o ) x C fc with the property that the 
fiber over (0,^), ii £ (C x ) fc , is biholomorphic to M; moreover, the Kodaira- 
Spencer map of this family at is compatible with the natural exact sequence 
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for which it therefore provides a splitting. By versality, the family wd is 
therefore induced by a map 



T}dU^ H\t° Dq ) © H\t% ) © C fc © C fc 

whose derivative at amounts to the natural restriction homomorphism 
Tj — > Tp o p o and which intertwines the real structure of Tj with the anti- 
linear map on the target which interchanges the obvious pairs of factors. 
The derivative of the induced map U — > if ^r^J © H l {r% ) is therefore sur- 
jective at by Lemma |3]; and if we restrict this map to the real slice and 
then project to the first factor, the resulting map i^Tj) H U — > H 1 (t^, ) 
therefore also has surjective derivative at 0. The inverse image of is 
thus a k- dimensional real submanifold V of §lTj, and the image of V in 
T d d = h1 ( t d ) ®H 1 (T% )®C k ®C i ° is a neighborhood of in a diagonally 
imbedded R fc C C k © C fc . Since the generic element of V therefore projects 
to an element of (C x ) fc , it follows that the restriction of wz to V is a simul- 
taneous real smoothing of (Z , -Do) for which the generic hypersurface D t is 
a copy of M. Thus M admits scalar-flat Kahler metrics, and we have proved 
Theorem |I[ I 



Remark. The above argument actually proves a bit more; namely, any small 
deformation of M also admits scalar-flat Kahler metrics. This ostensibly 
stronger statement, however, is actually an immediate formal consequence 
of the mere statement of Theorem [l] in light of the deformation theory of 
scalar-flat Kahler surfaces |16| together with Theorem 2. □ 



4 The Main Theorems 

As a first step toward proving our main results, we now apply the results of 
the last section to scalar-flat Kahler metrics on some specific surfaces. 

Proposition 2 7/CPi x CPi is blown up at 13 suitably chosen points, the 
resulting complex surface admits scalar-flat Kahler metrics. 
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Proof. The strategy is to apply Theorem [I] when N is a a two-fold blow-up 
of CPi x E, where E is a compact complex curve of genus 2. We therefore 
begin by constructing such a scalar-flat Kahler metric on this manifold which 
admits a suitable involution $. This will be done by careful use of the 
hyperbolic ansatz construction of Jl3] . 

Let E be a of genus 2, and let <fi : E — > E be the Weierstrafi involution 



which realizes E as a 2-sheeted branched cover 7r : E — > CP±; let g G E be 
one of the 6 fixed points of 0, and set q = vr(g). Let hj] be the curvature -1 
Hermitian metric on E, and notice that <fi is an isometry of h^. 

We now equip the 3- manifold X := E x (— 1, 1) with the hyperbolic metric 



where t is the standard coordinate on 



+ 



dt 1 



t 2 y 



1, 1). Let p± = (q, ±\) G X, let G± 
be the hyperbolic Green's functions of p± G X, and set V = 1 + G+ + G-. We 
then let P be the principal S^-bundle on X — {p±} with connection 1-form 
9 such that 

*dV = d6 

and such that the restriction of (P, 9) to the hypersurface t = is the trivial 
bundle- with-connection E x S . We then endow P with the Riemannian 
metric 

g = (i-t 2 )[vh + v- 1 e 2 ]. 

The metric space completion of (P, g) is then a smooth compact Riemannian 
4-manifold (JV, grjv) of scalar-curvature zero, and admits a complex structure 



Jjv with respect to which is Kahler. Moreover |13|, the complex surface 
(N, Jjv) is biholomorphic to CPi x E blown up at two points in the fiber 
over q G E. 
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Consider the map ip : E x ( — 1,1) — > E x (—1,1) given by (C,£) l— * 
(0(C),— t). As — V" and ?/> is an orientation- reversing isometry of X, 
it follows that ip*P = P as a principal bundle-with-connection, where P 
denotes P equipped with the inverse ^-action. There is therefore a unique 
isometry $ of P which covers ip and restricts to the hypersurface t = as 
(j) x c : E x S 1 — > E x 5 1 , where c : S 1 — >• S* 1 is the reflection — > e~ i1? . 
This extends to the Riemannian completion N as an involution of the desired 
type. Indeed, it is not hard to see that $ is induced by the involution r x <fi 
of CPi x E, where r is 180° rotation of CPi = S 2 about an axis, 




which interchanges the two blown-up points, which are antipodal on the 
equator of an invariant S 2 . 

One may now apply Theorem |l|, but it remains for us to understand the 
structure of the resulting (M, Jm)- In order to do this, first blow up iV at 
the 12 fixed points of $, and notice that we have the following arrangement 
of curves in the blow-up N: 
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Now iV is a 2-fold branched cover of M, with ramification locus equal to the 
twelve (— l)-curves introduced by the blowing up the fixed points. Descend- 
ing to M will thus double the self-intersection of these branch curves, while 
halving the self-intersection of any curve on which $ acts non-trivially. The 
corresponding picture of M is therefore as follows: 
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CPi 



Contracting 13 judiciously chosen exceptional curves, 

























CP! 



we get CPi x CPi as our minimal model. Invoking Theorem [IJ, we thus 
conclude that the above iterated blow-up of CPi x CPi admits scalar-flat 
Kahler metrics. Moreover, it also follows from our smoothing argument that 
any sufficiently small deformation 
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CPi 



CPi 



of M also admits scalar-flat Kahler metrics. 



Corollary 1 If CP2 is blown up at 14 suitably chosen points, the resulting 
complex surface admits scalar-flat Kahler metrics. 

Proof. The blow-up of CP2 at two distinct points is biholomorphic to the 
blow-up of CPi x CPi at one point. Now use Proposition fj. I 

Proposition 3 Let E « T 2 be any elliptic curve. If E x CPi is blown up 
at 6 suitably chosen points, the resulting complex surface admits scalar-flat 
Kahler metrics. 

Proof. Our strategy is similar to that used in the genus case, but we will 
now have to exercise great care in order to compensate for the non-trivial 
Jacobi variety of E. 

We begin by choosing 4 distinct points qi, q 2 , r±, r 2 6 E such that qi + q2 = 
7*1 + r 2 as divisors, and a holomorphic line bundle L — > E which is a square- 
root of the divisor qi + q 2 = T\ + r 2 . (For example, if E is C/A, where 
lattice A is generated by 1 and r, we may take gi, g 2 , r i, r 2 to respectively 
be the equivalence classes ofO, (l + r)/2, 1/2, and r/2, whereas L may be 
taken to be the divisor of the point represented by (1 + r)/4.) Thus L® 2 
comes equipped with holomorphic sections u\ and u 2 whose zero sets are 
respectively {91, q 2 } and {r 1 , r 2 }, and all these zeroes are simple. We now let 
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E be the 2-fold branched cover of E with branch locus {q±, g 2 } associated to 
the bundle L; explicitly, 



S = {(GL I (®( = Ul ir L (()} 

where itl '■ L — > E is the canonical projection. Let : E — > E be the invo- 
lution with 2 fixed points induced by multiplication by —1 in L, and let n : 
E — > E denote the canonical projection induced by tt l . Let ir~ 1 ({qi,q 2 }) = 
92}) an d let 7r _1 ({r 1 , r 2 }) = {f 1? f 2 , f 3 , f 4 }. Notice that tt*L is the divisor 
line bundle of gi + g 2 , whereas its square 7r*L® 2 is the divisor of ri+^+rs+f^. 

As before, we equip the 3-manifold I:=Ex (—1, 1) with the hyperbolic 
metric 

hv. dt 2 



+ 



(1 -t 2 ) (1-t 2 ) 2 ' 
but this time we set pj = (<?j,0), j = 1,...,4. Let Gj be the hyperbolic 
Green's functions of pj G X, and set V = l+Yfj=\Gj- On ( Sx {0})-{Pi) = 
E — {^j}, let P be the flat S" 1 bundle with Z 2 monodromy corresponding to 
the branched cover with branch-points f!,...,f 4 associated with the line 
bundle n*L. Then |13| there exists a principal S^-bundle P — > X — {pj} with 



connection 1-form 6 1 such that 



and such that the restriction of (P, 9) to the hypersurface t = is the flat 
bundle Pq. Indeed, the Chern-Weil theorem guarantees that we can find 
a connection with curvature -kdV because d * dV = on X — {pj} and 
[2H e H 2 (X — {pj},Z). Because V is symmetric in t, a connection with 
curvature -kdV is automatically flat on (E x {0}) — {pj}, and its holonomy 
around pj is automatically e^* dy = e \ Js* dV = e \l B d * dV = e ~ in = -1, 
where D is a disk in t > that bounds a loop around pj in E x {0}, S is the 
sphere made up of D and its reflection in t, and B is the ball about pj G X 
with boundary S*. Twisting by the pull-back of a flat connection on E now 
allows us to modify the the restriction of (P, 9) to E x {0} so as to obtain 
any given flat connection with holonomy —1 round the points Pj] and Pq fits 
the bill. 
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As before, we now endow P with the Riemannian metric 



g = (i-t 2 )[vh + v- 1 e 2 ]. 

The metric space completion of (P, g) is then a smooth compact Riemannian 
4-manifold (N,g^) of scalar-curvature zero, and admits a complex structure 
Jn with respect to which g n is Kahler. There is a smooth holomorphic curve 
EciV which is a copy of the two-fold cover of S with branch points fi, . . . , f 4 
associated with tt*L, obtained by taking closure of the Z 2 bundle from which 



Po was constructed. This allows one to observe JT3 that (N, Jjy) is obtained 
from P(tt*L(BO) — > E by blowing up the points ri, . . . , f 4 on the zero section 
of 7r*L C P(7r*L©C); the key point is that EciV corresponds to the proper 
transform of the curve (® 2 = w 3 , where M3 G r(E, C^vr*!;® 2 )) is the standard 
section with simple zeroes at f 1, . . . , r^. 

Consider the involution 1 : tt*L — > tt*L which maps (tt*L) z to (7r*L)^ z ) 
by multiplication by —1 in L^i z \ = L n utg\\. This involution extends P(ir*L(B 
O), and so lifts to an involution Q : N —>■ N with exactly 4 fixed points, 
corresponding to and 00 in the fibers over q\ and 52- Since ir*L is the 
divisor line bundle of <ji + q2, there is a section u of n*L with simple zeroes at 
qi and q 2 , and by averaging we may arrange that l{u(z)) = —u(4>(z)) for all 
zeS; the proper transform C u C N of the image of w is then ^-invariant. 

Now the involution $ just corresponds to the unique connection-preserving 
involution of P which covers 0x1: [Ex (—1, 1)] [Ex (—1, 1)] and extends 
1 : E — ► E. It therefore preserves g^, and we may apply Theorem |]. The 
remaining task is thus to analyze the structure of the surface (M, Jm)- 

Since iV is obtained from N by blowing up the 4 fixed points of $, it 
contains the following arrangement of curves: 
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N 
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Q2 
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The corresponding picture of M is therefore: 



-1\ 




M 



E 



Contracting 6 exceptional curves in the right order, 



E 



we get E x CPi as our minimal model. Theorem [I] thus tells us that the 
above iterated blow-up of E x CPi admits scalar-flat Kahler metrics, as do 
its sufficiently small deformations. 1 



Remark. Notice that the scalar-flat Kahler surface we have just constructed 
admits a holomorphic C x -action; namely, the C x -action on CPi x E induced 
by the "earth-rotation" of CPi lifts to M, which is obtained from CPi x E by 
iteratively blowing up fixed points of the action. Also notice, however, that 
the induced action is not semi-free, since the isotropy of any generic point 
on either of the second- level blow-up curves is {±1} C C x . A theorem of 
Lichnerowicz [H| now implies that 5 1 cC x acts isometrically on this scalar- 
flat Kahler surface. By combining elements of the proofs of Propositions |2] 
and |3|, one can similarly construct scalar-flat Kahler metrics with non-semi- 
free ^-action on 14-point blow-ups of CPi x CPi. 
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One might, in principle, use the Toda lattice equation |L2| to construct 



the above metrics explicitly. However, Theorem 2 of \TA\ insists that these 
solutions definitely cannot arise from the hyperbolic ansatz case of that con- 
struction. This is consistent with the fact that the orbits with exceptional 
isotropy give rise to very peculiar orbifold singularities of the associated 3- 
dimensional Einstein- Weyl geometry. 

Any of these metrics is a counter-example to the assertion |T6| Proposition 
3.1] that a blown-up ruled surface of genus < 2 cannot admit both a en- 
action and a Kahler class of total scalar curvature 0. While the argument 
offered there does indeed work if one insists that the C x -action be semi-free, 
the recipe given for a section of the anti-canonical bundle simply breaks down 
if, as in the present case, an isolated fixed point is blown up at some stage 
in the iterated blow-up process. □ 

Theorem 3 Let (M, J) be a ruled surface — i.e. suppose that M is a compact 
complex 2-manifold for which there exists a holomorphic map M — > E with 
generic fiber CPi and range a Riemann surface E. Then (M, J) has blow-ups 
(M, J) which admit scalar-fiat Kahler metrics. 



Proof. Any ruled surface M is bimeromorphic [[| to some product surface 
S x CPi. If Mi is any blow-up of E x CPi, it then follows that there is a 
blow-up M 2 of Mi which is also a blow-up of M: 




But JIT] , Theorem 4.6] and Theorem 2 tell us that any 1-point blow-up of a 
non-minimal scalar-flat Kahler surface also admits Kahler metrics; induction 
then says the same is also true of iterated blow-ups. It therefore suffices 
to find just one blow-up Mi of each E x CPi which admits a scalar-flat 
Kahler metric. If the genus of E is at least 2, the hyperbolic ansatz [O] then 
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explicitly constructs such metrics on a 2-point blow-up M\ of S x CPi. For 
genera and 1, on the other hand, the necessary surfaces M\ are constructed 
in Propositions ^ and |3|. I 

Theorem A Let (M, J) be a compact complex 2-manifold which admits a 
Kahler metric for which the integral of the scalar curvature is non-negative. 
Then precisely one of the following holds: 

• (M, J) admits a Ricci-flat Kahler metric; or 

• any blow-up of (M, J) has blow-ups (M, J) which admit scalar-flat 
Kahler metrics. Moreover, any blow-up of such an (M, J) admits 
scalar-flat Kahler metrics, too. 



Proof. By a vanishing theorem of Yau [p9fl , any compact Kahler surface of 



non- negative total scalar curvature is either ruled or has = 0. In the latter 



case, Yau's solution of the Calabi conjecture |30[ guarantees the existence of 
a Ricci-flat metric on M. If, on the other hand, M is ruled, so is any blow-up 
M of M; and Theorem |3| tells us that some blow-up M of M therefore admits 
a scalar- flat Kahler metric. Finally, any blow-up of a non-minimal scalar-flat 
Kahler surface also admits scalar-flat Kahler metrics, by ]TT| , Theorem 4.6] 
and Theorem 2, and this may be appied to M to prove the last clause. 1 

Theorem B Let (M, J) be a compact complex 2-manifold which admits a 
Kahler metric for which the integral of the scalar curvature is positive. Then 
any blow-up of (M, J) has blow-ups (M, J) which admit Kahler metrics of 
constant positive scalar curvature. Moreover, any blow-up of such an (M, J) 
also admits such metrics. 

Proof. The hypothesis says that c\ ■ [uj] > for some Kahler class [u], 
so that and M certainly cannot admit a Ricci-flat metric. On the 



other hand, a straightforward inverse-function-theorem argument [T5[ shows 
that if a compact complex manifold admits a non-Ricci-flat scalar-flat Kahler 
metric, it also admits Kahler metrics of constant positive scalar curvature. 
The result therefore follows from Theorem 1 
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5 Appendix: The Vanishing Theorem 



In this appendix, we demonstrate that Kodaira-Spencer theory is unob- 
structed for the twistor spaces of all non-minimal scalar-flat Kahler surfaces. 



The proof is a direct extension of that presented in flgl , but allows for the 
possibility of non-semi-free C x -actions. 

Theorem 2 Suppose that N is a non-minimal compact complex surface with 
scalar-flat Kahler metric g^. Then its twistor space satisfies H 2 (Z^,Q) = 
H 2 (Zn,Q <8> k~ 1 / 2 ) = H 2 (Zn,O z d q) = 0, where D and D are canonical 
divisors associated with Jn and — Jjv- 

Proof. The natural homomorphisms 

H\Z N ,Q®K- X f 2 ) -> H 2 (Z N ,Q ZjDD ) } 

h 2 (z n ,q ZiDD ) - H 2 (z N ,e) 

are surjective because H 2 (N, 6 at) = H 2 (N, 0(k~^)) = for any ruled surface 
N. On the other hand, careful inspection of the Penrose transform shows 
[ Hj , Theorem 2.7] that H 2 (Zn, © ® k~ 1 / 2 ) is canonically identified with the 



kernel of 

cLF\ M :H°(N,e N )^A*, (5.4) 

where T is the Futaki invariant, [u] is the Kahler class, and A C if 1,1 (A^) = 
H 2 (N) is the hyperplane 

{a G H X '\N) | ci Ua = 0}. 

Our goal here will thus be to show that Q5.4|) is injective. 



Because |18] the automorphism group of N has a compact real form 
given by the isometry goup of g^, H°(N,Q N ) is spanned by vector fields 
H which generate C x actions which are free on an open dense, and such 
that the ^-action generated by £ = is isometric with respect to g^, 
while is globally a gradient vector field because the contraction of S 
with any holomorphic 1-form vanishes identically. In fact, H°(N, Q^) is 
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at most 1-dimensional; for if Si and S 2 are two such fields, we must have 
Hi A S 2 = because [|TB|, [2D|] the existence of a scalar-flat Kahler metric 



forces H°(N, = 0. This implies that the generic orbit of Si has closure 
F = CPi which is also the closure of a generic orbit of S 2 . If Si does 
not have the same zeroes on this CPi as S 2 , the isometry goup contains an 
SU (2) which acts transitively on this 2-sphere, and the orbits of this SU(2) 
are all either holomorphically embedded CPi's or points; but the latter type 
of orbit is impossible, because an S 2 = CPi orbit near a fixed point would 
be contained in the domain of a holomorphic chart, contradicting the fact 
that every holomorphic function on CPi is constant. Thus every orbit of this 
SU(2) would be a CPi, and we would conclude that N would be a minimal 
ruled surface — contradicting our hypotheses. Thus Si and S 2 must have 
the same zeroes on the generic orbit-curve F, and hence, since both generate 
generically free C x -actions, Si = ±S 2 . This shows that h°(N,Q N ) < 1, as 
claimed. 

As there is nothing to show if H°(N, On) = 0, we may therefore assume 
henceforth that H°(N, Qn) — C and is spanned by a holomorphic vector field 
S whose imaginary part £ is a periodic Killing field, with generic minimal 
period 2ir. By averaging, we can represent any other Kahler class by a metric 
g which is S^-invariant. With respect to such a metric g, whose Kahler 
form we shall call u, let t be the Hamiltonian function of £, conventionally 
normalized so as to have range of the form [—a, a], and let E be the stable 
quotient N//C x . If t = a and/or t = —a are isolated fixed points, blow them 
up to obtain a new complex surface N; otherwise, set N = N. We then have a 
map II : N — ► £ x [—a, a] with S^-orbits as fibers. If pi, . . . ,p m are the images 
in S x (—a, a) of the isolated fixed points, and if X — [S x (—a, a)] — {pj}, 
then on the open dense set Y = II -1 (X) G N we may express the given 
Kahler metric g in the form 

g = W g(t) + w dt m + w~ l 6 m , 

for some positive functions w > on X and a family orbifold metrics g(t) 
on E. Here 9 is the unique 1-form on Y whose kernel is orthogonal to £ and 
such that = 1. The orbifold points in X of the g(t) exactly correspond 



28 



those ^-orbits in M which are non-trivial, but which have period 2n/n for 
some n. Since these also coincide with points at which the C x -action has 
exceptional isotropy, the orbifold points of X exactly consist of vertical line 
segments in X x (—a, a) which join two of the Pj. If we let j range over the 
set of exceptional curves contained in fibers of N — > S, each such curve is 
the closure of a C x -orbit, and so we may define integers m 3 > 1 as the order 
of the associated isotropy group, and real numbers tj < i+, defined to be 
the minimum and maximum values, respectively, of the Hamiltonian t on the 
associated exceptional rational curve E r Also define 



m 3 {t) 



m 3 i < t < tj 
1 otherwise. 



Finally, let tj be the t coordinate of p 3 . 

Because g, w and dt are geometrically defined, g(t) is an invariantly de- 
fined, t-dependent orbifold Kahler metric on S for all t ^ {tj}', and when 
when t G {tj}, it is and defined everywhere aside from a fine number of 
punctures. Let u(t) be the Kahler form of g(t). If C~ and C + denote the 



"repulsive" and "attractive" curves t = ±a in N, we then have [IB 



\t=±a 



d 

—CO 

dt 

d A 
—uj 
dt 



= 2uo 

t=—a 

= -2uj 

t=a 



c- 



C+ ! 



while the density of scalar curvature may be written globally on Y C M as 

d 2 

s da = [-26 + -—rob] A dt A 9 . 
dt 1 

Here the Ricci form p(t) of g{t) satisfies 

±/^ w = x(E) -£ (1 * ) 
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for t (jL {tj} by the Gauss-Bonnet Theorem for orbifolds pi| . Thus 



TV 



ts dp 



Y 



ts dp 



[ t[-2p + -— rcul A dt A 6 
Jy dt 2 



2ty 



' d ; 

t — UJ 
dt 



4vr / 2tt 



a du 

-a dt 



-dt 



2tt 



2na 



t— UJ — UJ 

dt 



m 3 (t)' 
1 r*j 



t eft 

- 8tt 2 V — f J i 
, m, ./tr 



2w- / 2cj 

C- jC+ 



4- 2 E^[(^) 2 -(^) 2 ] 

X- u - X+ w ] X u + 277 ? [(a ~ ^ +) ~ ^ - (_a))] X u 

J 

X- w - L u ] X w + ^ K - mJ [X w ] X 



UJ — UJ 

c- Jc+ 



^2 m i uj — ^2,m r I jj 



a; . 



Here F is any smooth fiber of N — > £, and the partial ordering 1 on {j} means 
that, with respect to the flow of 3?H, the first exceptional curve precedes the 
second in some singular fiber of N — > E. 

On the other hand, the total scalar curvature of such a metric g is 



N 



s dp 



Y 



s d\x 



Y 

2tt 



It' 
- d 2 



-25 + —Cj] AdtAO 
dt 2 



-uj dt — An / Ip dt 

'£ J -a dt 2 J -a JT, 
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2vr 
-2tt 

-47T 





' d / 


a 


L 


—a; 


-4tt J 2vr 




eft 


^ — a 

—a 



m 3 (t) _ 



dt 



I 2u+ f 2 J - 167r 2 ax(S) + 8vr 2 V(l - — )(*+ - t: 
Jc- Jc+ J , m, J 



^ W + + 2(1 -g)/ yW + £<!-,»,)£■ 

where g denotes the genus of S. When the above vanishes, we then have 
JF(S, [a;]) := — ~ J t (s — s ) dp, — —\ \ ts dp 



(Here s = J s dp/ J dp denotes the average value of the scalar curvature.) 
If the C x -action generated by 5 is semi-free, all the E 3 terms drop out, and 
the formula simplifies to yield that of [[16], Theorem 3.2]. 

Let T := .F(H, •) and let S = ^ J s du = —C\ ■ [u], thought of as functions 
on the Kahler cone C H l,1 (N, R). Letting Q = [u] denote the Kahler class, 
we therefore have 



S(Q) = tt(C~ + C + + 2(1 - g)F + ^2(1 - m 3 )E 3 ) 



(5.5) 



and 



2T(tt) = n(F)Vl(C + - C~) + ^(m t - m 3 )Q(E l )n(E 3 ) (5.6) 

provided that S(Q) = 0. Thus, when Q e i7 1 ' 1 (A^, R) is the Kahler class of 
a scalar-flat Kahler metric g^, 



and 
where 



dS = C~ + C + + 2(1 - g)F + 5^(1 - m 3 )E 3 
2dJ r \n = T mod dS, 



(5.7) 
(5.8) 



T := Q(F)[C + - C-] + n(C + - C~)F + J2( m * - m 3 )[£l(E t )E 3 + n(E,)E t ]; 

(5.9) 
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here we have identified the cotangent space of H 1,1 (N, R) = H 2 (N, R) with 
Hz(N,'R), and each algebraic curve in N is used as short-hand for the ho- 
mology class of its image in N. Our goal is thus to show that T is never a 
multiple of dS. 

To do this, we begin by considering the case in which N ^ N, which is 
to say that at least one of the curves arises by blowing up an isolated 
fixed point of the action. By reversing the sign of 5 if necessary, we may 
assume that C + arises in this way, and let N' denote the surface obtained 
from N by contracting C + . Because the self-intersection of the image of F 
in N' is +1, N' is an iterated blow-up of CP2, and each generic fiber F 
corresponds to a projective line. Moreover, the image of C~ in CP2 meets 
each such projective line in a point, and so C~ must be the proper transform 
of a projective line; if n is the number of singular fibers of N — > X = CPi, 
we thus have (C~) 2 < 1 — n. But plugging 

F = Yl m 3 E 3 > (5-10) 



Vt(C + ) = 0, and g = into (|5.5| ), the equation S{Vt) = becomes 



= n(C- + 2F + 2(1 - m 3 )Ej) = n(C- + (2-n)F + E 3 ), (5.11) 
3 

and hence n > 2. Thus (C~) 2 < 1 — n < —1, so C~ cannot be a (— l)-curve, 
and N' = N. Hence F ■ F = 1, and, invoking ( 5.11|) , 



F ■ T = F ■ -C'VL{F)-VL{C~)F + Y^{m l -m 3 )[Vt{E l )E 3 + Vt{E 3 )E l 
= -fl(F + C--^(m,-l)£ 1 ) 

= n(F), 

so that T is certainly non-zero, and we need merely show that it is linearly 
independent from dS. 

To do this, let i?o be the first curve in some singular fiber, chosen in such 
a way that fl(E ) < Q(F)/3; the latter is possible because the fact that 
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n > 3 tells us that F is homologous to the sum of C~ and a collection of 
exceptional curves, at least 3 of which are the first in their respective fibers. 
Let Ei denote the immediate successor of E ; the multiplicity of the latter 
curve is given by mi = —Eq, as may be proved by induction. Then 

E -T = E - -n(C~)F -n(F)C~ + J2(m i -m J )[n(E l )E J + n(E J )E i \ 

ilj 

= -n(F)+E -[^(l-m 3 )^(E J )E ] 
oh 

+E • - m 3 )n{E 3 )Ei\ + E • E(m, - mi)n(£,)£j 

1I7 ill 

= -n(F) + E 2 J2(i-m J )n(E 3 ) + J2(-E 2 



m, 



fibe 



-(mi - m )Q(E ) + (m - mi)O(^) 



= -(2 + F 2 )Q(F)+2(l + F 2 )ft(F )- 
On the other hand, 



F-dS = F- 



C- + 2F + J2a-m J )E J 



= 3 



and 



i^o ' dS — Eq 



C- + 2F + J2(l-m J )E J 



1 + (1 - mi) = 2 + F 2 , 



so that 



F • T F • dS 

Eq ■ T Eq ■ dS 



Q(F) 3 
-(2 + F 2 )ft(F) + 2(l + F 2 )fi(£o) 2 + El 

4(2 + F 2 )ft(F) - 6(1 + F 2 )ft(F ). 



Now this last expression is certainly non-zero if Eft is —1 or —2; and if 
F 2 < -3, the inequality —(Eq + 1)Q(E ) < -{El + l)Q(F)/3 yields 



F • T F • d<S 
Fq • T Fq • do 



< 2(3 + F 2 )fi(F) < 0. 
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Hence T ^ mod dS in H2(N), and the claim holds whenever N ^ N. 
We now come to the case in which N = N. Then, since F-F — F-E 3 — 0, 



F ■ dS = F 



C + + C~ + 2(1 - g)F + 2(1 - m,)^ 



and 



F - T — F ■ [fl(F)[C + - C~] + Q(C + - C~)F + (£ 3 terms) 
It therefore suffices to show that T ^ in H 2 (N). But 

c+ • t = n(c + - c~) + (c + ) 2 n(F) + 2 ^(^) 



= o. 



and 



so that 



c~ = n(c + - c~) - (c-) 2 n(F) + 2(i - m 3 )n{E 3 ), 



\{c+ — c~) ■ t = {c+)2+ 2 {c ~ )2 n(F) + - WW,). 

Now — [(C + ) 2 + (C - ) 2 ] is precisely the number of times one must blow up 
along fixed curves of the C x -action in order to obtain N from a fiber-minimal 
model; thus — [(C + ) 2 + (C~) 2 ] > n, where n is the number of singular fibers 
of iV — > S. If, on the other hand, the first and last exceptional curves of 
every fiber were to have area > f2(F)/4, we would have 



EK - 1) < 



n 



fl(F) - 2 



n(F) 



n 



and it would therefore follow that \{C + - C~) ■ T < f {1(F) - f Sl(F) = 0, 
implying T 7^ 0, as desired. 

We may therefore assume that either the first or the last curve of some 
singular fiber has area < Q(F)/4; and, by reversing the sign of S if necessary, 
we may assume that the curve in question is actually the first in its fiber. 
We thus have an exceptional curve E which meets C~ and which satisfies 
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Q(Eq) < Q(F)/A. Now, by essentially the same calculation we used in the 
N ^ N case, 

Eq-T — —(2 + Eq)Q(F) + 2(1 + E 2 )Q(E ), 

and in particular T 7^ if Eq is — 1 or —2. If, on the other hand, Eq < —3, 
the inequality (1 + E%)Sl(E ) > (1 + E%)n(F)/4 tells us that 

E ■ T > -^(E 2 + 3MF) >0. 

Thus T ^ mod dS, and tf 2 ^, 6) = H 2 (Z N , & Z<DD ) = H 2 (Z, <g> k' 1 ) = 
0, as claimed. 1 
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